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1. INTRODUCTION AND STATEMENT OF RESULTS 
Let G be a finite group and construct its prime graph as fohows: the 
vertices are the primes dividing the order of the group, two vertices ps q are 
joined by an edge if and only if G contains an element of order pq. Denote 
the connected components of the graph by {xi, i = I,.~., b} and if the order of 
G is even, denote the component containing 2 by zl. The purpose of this 
paper is to consider those groups which have two or more components, and 
in particular those groups whose nonabehan composition factors are of 
Alternating type, Lie type or known sporadic type. 
The first classification is a result of Gruenberg and Kegel ]7]. 
THEOREM ‘4 [7]. If G is a Jini1e group whose prime grtzph has Fil0.W 
than one component, then G has one of the flowing structures: (sa) 
Frobenius or 2-Frobenius; (b) simple; (c) an extension 01 a nI-group by 1~ 
simple graup; (d) simple by x,-solvable; or (e) xl by simple by xl. 
In fact (d) above can be further reduced, in the case of the known simple 
groups, to the situation simple-by-n, (cf. Proposition I). 
As a corollary, the case of solvable groups is completely determined. 
COROLLARY (Gruenberg Kegel) [7]. If G is solvable with more than two 
prime grqh components, then G is either Frobenius or 2-Frobenius and G 
Aus exactly two components, one of which consists of the primes dir;iding the 
lower Frohenius complement. 
If G is nonsolvable then G has one of the forms: Fsobenius, simple, x,-by- 
simple, simple-by-n,-solvable or En,-by-simple-by x1. in any case if G is not 
Frobenius, the simple factor must itself have at least two components, and 
further, it is clear that the number of components of G is at most that of the 
simple factor. 
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THEOREM 1. If G is a simple group of Lie type of odd characteristic or 
G is an alternating group on five or more symbols, then the components are 
as shown in Tables Ia-e. 
THEOREM 2. If G is a sporadic simple group then the components are as 
shown in Tables IIa-c. 
DEFINITION. A subgroup H of G is called isolated if H n Hg = (1) or H 
for all elements g of G, and for all h in H#, Co(h) E H. 
The following result connects the notions of prime graph component and 
isolated subgroup, for those groups whose composition factors are known 
groups. 
THEOREM 3. Let G be a finite nonsolvable group whose composition 
factors are simple groups of known type, and let xi be a component of G not 
containing the prime two, then G contains a nilpotent Hall nt-subgroup which 
is isolated in G. 
Remark. This includes Lie type of ‘characteristic two. This result is the 
basis of the following conjectures. 
Conjecture 1. If G is any nonsolvable group with more than one prime 
graph component and if r+ is any component of G not containing the 
prime 2, then G contains a nilpotent Hall q-subgroup which is isolated. 
Conjecture 2. There is a bound on the number of prime graph 
components of any finite group. 
Remark. 1. Finite groups whose nonabelian composition factors are 
simple of known type have at most six components. 
2. The self-centralization systems of Higman [9] form components 
with associated isolated subgroups. 
Applications. It is possible to use the given tables to find all those simple 
groups of Lie type in odd characteristic, or sporadic or alternating which are 
Cpp groups. A group is Cpp if the centralizer of elements of order p are p- 
groups. In particular, the following theorem yields the C55 groups. 
THEOREM 4. If G is a simple group of Lie type in odd characteristic, or 
alternating or sporadic, then G is a C55 group tf and only tj’G is one of the 
following: Alt(7), M,,, Mlz, PSL,(q) (q = 5”‘, 2.5” - 1 or 2.5” + 1) or 
C,(q) (q’ = 2.5m - 1). 
Proof Since 5 divides q4 - 1 for any q # 5, the rank of G is restricted in 
most cases to 1 or 2. This leaves the possibilities, A,(q), A,(q), A,(q) (q = 3), 
PRIME GRAPH COMPONENTS OF FINITE GROUPS 
e, 
R 
I- 
TA
B
LE
 
Ib
 
Si
m
pl
e 
G
ro
up
s o
f L
ie
 T
yp
e 
in
 O
dd
 C
ha
ra
ct
er
is
tic
 an
d 
A
lte
rn
at
in
g G
ro
up
s o
f 
Fi
ve
 o
r 
M
or
e 
Sy
m
bo
ls
 
Tw
o 
co
m
po
ne
nt
s 
p 
od
d p
rim
e 
A
lt
(n
) 
A
p-
1(
4)
 
A
,(
q)
 
&
m
(q
) 
B
,(
3)
 
C
,m
(q
) 
C
,(
3)
 
D
,(
3)
 
D
,+
,(
3)
 
D
,(
5)
 
Ed
q)
 
Ty
pe
 
n#
6,
5 
n=
p,
p+
l,p
+
2 
no
t b
ot
h n
, 
n 
- 
2 
pr
im
e 
Fa
ct
or
s f
or
 p
ri
m
es
 in
 k
, 
(2
, 3
,..
., q
} 
q 
<
 n
 - 
2 
q 
ar
b 
q-
llp
+
l 
q 
ar
b,
 m
 >
 2
 
q 
ar
b,
 m
 >
 1
 
P>
5 
P>
3 
Pa
5 
q-
 
1 
m
od
3 
(q
,q
i-l
,l<
i<
p-
11
) 
(4
,4
”+
‘- 
l,q
’- 
l,l
<
i<
p-
 
1)
 
{q
, q
f -
 
1,
 q2
’ -
 
1,
 1
 ,<
 i ,
<
 I -
 
1)
 
(3
,3
p+
1,
3z
i-1
,1
<
i<
p-
1}
 
(q
,q
’-
l,q
*‘
-l,
l<
i<
l-1
) 
{3
,3
p+
1,
3z
i-1
,1
~
i~
p-
1]
 
(3
,3
2’
-l,
1<
i<
p-
l)
 
(3
,3
2i
-l,
3P
+
1,
3p
+
‘-
1,
19
i~
p-
1}
 
{5
,5
2i
- 
1,
1 
<
i<
p-
 
1)
 
{q
, q
5 
- 
1,
 q*
 - 
1,
 q1
2 -
 
1.
) 
Fa
ct
or
s f
or
 p
ri
m
es
 in
 z
z 
IP
I 
c 
w
- 
l)/
(q
- 
l)g
cd
(p
,q
- 
1)
 
” 
qp
 - 
l/q
 -
 
1 
(4
’ +
 I
)/
2 
(3
P -
 
1)
/2
 
(4
’ f 
1)
/2
 
(3
P -
 
1)
/2
 
(3
p-
‘)
/2
 
(3
P -
 
1)
/2
 
(5
P -
 
1)
/4
 
(q
6 +
q3
 +
 1
)/
3 
PRIME GRAPH COMPONENTS OF FINITE G 491 
+ 
b- 
TA
B
LE
 
Id
 
Li
e 
an
d 
A
lte
rn
at
in
g T
yp
e 
in
 O
dd
 C
ha
ra
ct
er
is
tic
 
Ty
pe
 
Fa
ct
or
s f
or
 p
ri
m
es
 in
 z
1 
Th
re
e c
om
po
ne
nt
s 
A
lt
(n
) 
?l
=
5,
6 
(2
) 
15
1 
i3
1 
n=
p,
n-
2=
q 
C
L.
., n
-3
) 
(P
I 
(9
1 
A
,(
q)
 
qs
 
1 
m
od
4 
k-
 
11
 
4 
(9
 +
 1
P 
A
,(
q)
 
q=
-I 
m
od
4 
is
+
 
1)
 
4 
(4
 - 
1P
 
E,
(3
) 
{2
,3
,5
,7
, 
11
, 1
3,
41
,6
1,
73
, 1
9,
37
,5
47
] 
17
57
1 
(1
09
3)
 
G
,(
q)
 
q=
O
m
od
3 
k9
4*
- 
11
 
$+
q+
 
1 
4*
-q
+
 
1 
+
 
q=
3Z
m
+
‘,m
>
1 
kh
 q
4 -
 
1 I
 
‘4
(3
*)
 
p=
2”
+
 
l,n
>
2 
(3
,3
2’
-l,
1~
i~
p-
22
,3
P-
1-
1)
 
TA
B
LE
 
Je
 
Li
e 
an
d 
A
lte
rn
at
in
g T
yp
e 
in
 O
dd
 C
ha
ra
ct
er
is
tic
 
(3
p-
’ 
+
 1
)/
2 
(3
O
 +
 1
)/
4 
g k m
 
Ty
pe
 
Fa
ct
or
s 
fo
r 
nl
 
Fo
ur
 c
om
po
ne
nt
s 
E,
(q
) 
q 
=
 2
,3
 m
od
 5
 
9;
~
*-
l,q
’0
-1
,q
’2
-l,
 
@
+
q’
-q
5-
qq
4 
(4
8-
97
+
9s
 
4*
--
q4
+
 
1 
4 
- 
I, 
q’
s 
- 
1,
 
-$
+
q+
 
1)
 
+
q3
-q
+
 
1)
 
q8
-q
6+
q4
-q
Z
+
 
1 
Fi
ve
 c
om
po
ne
nt
s 
E,
(q
) 
q=
O
, 
1,
4m
od
5 
q,
q8
- 
l,q
’“
--
 
1,
 
b?
* +
4’
-q
5 
(q
8 
- 
9’
 +
 (
I5
 
(9
’ 
-d
 
9’
 -
q4
 
+
 1
 
**
 
4 
- 
1,
91
4 - 
1,
 
- 
q4
 - 
q3
 
- 
q4
 +
 9
’ 
+
q4
-q
2+
1)
 
18
 
9 
-1
 
+
s+
1)
 
-4
+
1)
 
PRIME GRAPH COMPONENTS OF FINITE GROUPS 493 
C,(q), G,(q), *A,(q), 3D,(q3), Alt(n), n = 5,6: 7. Examination of the orders 
of the torii involved yield the remaining restrictions, and duplication removes 
A&(S) and Alt(6). 
Similar computations yield classifications of known groups for which x1 is 
restricted. In particular, the following theorem yields the Cnl TC, grou 
where rcl = { 2,3 1. 
TABLE IIa 
Components of the Sporadic Croups 
Croup # Classes =I *2 =3 s?d =5 =fl 
---____-___ .-______ _____ ----_..___ 
Mathieu Ml, 3 233 5 11 
%2 2 2,335 11 
MU 4 2,3 5 I 11 
h, 3 2: 3,5,7 I1 23 
M2.4 3 2,3,5,7 11 23 
Janko J, 4 2, 3: 5 7 I1 19 
(HJW) J, 2 2,335 7 
J, 3 2, 3. 5 17 19 
J, 6 2, 3,5, 7, 11 23 29 31 37 43 
Higman-Sims HS 3 2,335 7 11 
Rudvalis WU 2 2, 3,5, 7, 13 29 
TABLE IXb 
Components of the Sporadic Groups 
Group # Classes 
Suzuki sz 3 2,3,5, 7 ii 13 
Held He 2 293,597 17 
O’nan On 4 2,3,5: 7 11 19 3: 
McLaughlin McL 2 2. 3, 5, 7 11 
Lyons LY 4 2, 3,5, 7, 11 31 37 61 
Conway CO, 2 2,3,5,7, 11, 13 23 
co, 3 2,3,5,7 11 23 
CO, 2 2,3,5,7, 11 23 
Fischer F *2 2 2,3, 5, 7, 11 13 
F 23 3 2,3,5, 7, 11, 13 17 23 
% 4 2,3,5,7, 11, 13 17 23 29 
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TABLE IIc 
Components of the Sporadic Simple Groups 
Group # Classes 711 x2 =3 *4 n5 X6 
Monsters F? 4 2,3,5,7,11, 41 59 71 
13, 17, 19, 23, 
29, 31,47 
(Baby) F2 3 2, 3, 5, 7, 11 31 47 
13,17, 19,23 
(Thompson) F3 3 2,3,5, 7, 13 19 31 
(Harada) F5 2 2, 3, 5, 7, 11 19 
THEOREM 5. If G is a simple group of Lie type in odd characteristic, or 
alternating or sporadic, then G is a Cnn group with z = {2,3) and G has an 
element of order 6 tf and only if G is one of the following: Alt(7), C,(3), 
Gz(3), M,,, ME, U,(3), PSL,(3), or PSL,(q) {q = 2”3” + 1 or q = 2”3” - 1 
with m > 2, n > 1 }. 
Remark. 1. The proof is essentially similar to that of Theorem 4. 
2. It is probable that no simple group of Lie type in characteristic 2 
has this property. 
Application to the Augmentation Ideal of G 
Gruenberg and Roggenkamp [8] have proved the following results. 
THEOREM B [ 8 j. If G is a finite group in which the augmentation ideal 
of G can be decomposed as a module, then the prime graph of G has at least 
two components. 
THEOREM C [S]. If G is a finite group containing an isolated subgroup, 
then the augmentation ideal of G decomposes as a right module. 
The main application of the results of this paper is the following. 
THEOREM 6. If G is a finite group whose composition factors are simple 
of known type, then the following are equivalent: 
(1) the augmentation ideal of G decomposes as a module, 
(2) the group G contains an isolated subgroup, 
(3) the prime graph of G has more than one component. 
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2. PROOFS 
First a proof of Theorem A (Gruenberg-Kegel) is include 
proof does not appear in print anywhere else. 
Let x = Z1 be the component containing the prime 
the maximal n-separable normal subgroup of 6, and 
normal subgroup of G containing S,(G) such that G 
The proof of Theorem A follows easily from the followm 
LEMMA 1. Suppose S,(G) = G, then G is Frobenius or ~~~~obe~~~s. 
P~QoJ: By assumption, G is rc-separable and hence the co~cl~siol~ follows 
LEMMA 2. Suppose S,(G) < G, then ~*~G)/~~~G) is 
P ~~vQ~vi~g 71and 71’ and is the unique rni~~rna~ nor 
ProoJ: Let G = G/S,(G) # (1). If 7i = 71 f? Z(G) is empty, 
separable, hence 5 is nonempty. By the de~~itio* of S,(G), any minimal 
normal of G involves both % and 5’. Since minimal normal s 
commute, and 5 and 3 are not in the same prime graph compone 
is clear that there is a unique minimal normal. This minimal normal 
~o~abelia~. If it were a direct product of two or more is~morphi 
groups, this would again contradict the fact that f, 3 are disconnected. 
Hence the uniqu ’ imal normal subgroup e the 
inverse image of G. If G is a minimal c 9 not 
z-separable, in particular H < G. 
.‘bSERTION. Every Sylow subgroup of G/H is cyclic for p > 2 QPZ 
2-Syiow subgroup is cyclic, generalized quatern~a~ or ~~~e~~a~~ 
ProoJ Let p E n(G/H) and q E E(R) so that p and 4 come from di~ere~~ 
prime graph components in G. Let Q be a q-Sylow subgroup of 
By the Frattini argument, Nn= G and so p divides /Nl. Let P 
w subgroup of N. Hence PQ is Frobenius with complement P and 
is cyclic or generalized quaternion. Since a p-Sylow subgroup of 
is an image of P, the assertion follows. 
result of Suzuki [ 141 now shows, since G/H is not s 
exists 6, c G/H of index 1 or 2, such that G, = Z x E, re Z has all of 
w subgroups cyclic, and L is 2X(2, J?) or 
= @Gr) and this must involve both 71 and E’. Since a direct 
ve a single prime graph component, Z ust be trivial, i.e., 
Thus, because SL(2, p) has a centre, G/H is forced to be some s~bgr~~~ of 
PGL(2, j.9) containing PSL(2, p) (cf. [ 141, Lemma 2). 
496 J. S. WILLIAMS 
Choose q in ?I(@), with q @ TC. Let Q be a q-Sylow subgroup of g, and 
N= NdQ). Let T be a 2-Sylow subgroup of N, then as before TQ is 
Frobenius and so T is cyclic or generalized quaternion. If T is cyclic, then 
the 2-Sylow subgroup of G/H is cyclic, which is in fact false. Hence T is 
generalized quaternion. This by Brauer-Suzuki (cf. [6]), N/O,,(N) has a 
centre of order 2, whence rc(N/O,,(N)) is connected. But by the structure of 
G/H, an N contains O,(N) and so N/O,(N) involves both 71 and X’ and 
hence its primes are not all connected. This contradiction shows that G/H 
must be n-separable, and hence that H = S”(G). 
LEMMA 3. If 1 c S,(G) c G, then S,(G) is a nilpotent n-group, G/S”(G) 
is a cyclic z-group and all the p-Sylow subgroups of S”(G)/,!?,(G) are cyclic 
for p in 71’. 
Proof: Let K = S,(G) and H = P(G). By Lemma 2, H/K is the unique 
minimal normal of G/K and H/K is simple. Since K is n-solvable, there 
exists a Hall Y-subgroup W of K, and ail Hall n’subgroups of K are 
conjugate. If W # (l), then N= NH(w) satisfies NK = H. Let T be a 2- 
Sylow subgroup of N, then TW is Frobenius and so T is generalized 
quaternion, since T projects onto the 2-Sylow subgroup of the simple group 
H/K. As in Lemma 2, rc(N/O,,(N)) is connected, but also involves both rc 
and 71’. This contradiction shows that W = (1). Thus K is a z-group. 
Choose p in n(K); P, a p-Sylow subgroup; N = N,(P) and q in Z(N) so 
that q is not connected top. Let Q be a q-Sylow subgroup of N, then QP is 
Frobenius, Q is cyclic, and since KQ is also Frobenius, K is nilpotent. 
It remains to prove that if H c G, then G/H is a cyclic n-group. Assume 
rc’ n n(G/H) is nonempty. Choose any P/K ap-Sylow subgroup of H/K with 
p in rc. Let N = N,(P), then N contains a ?-element, say, a. Now a acts 
fixed point freely on P, whence P is nilpotent, P = Pp x P,, and PpI = Kp,. So 
C = C,(K,,/K;,) is normal in G, contains P and hence contains H. Thus a 
n/-element of H centralizes K,,/KL,. This contradiction proves that Kpf = KL, 
and therefore Kp, = (l), i.e., K is a p-group. Since 2 E x n n(H), and the 
above argument applies to any prime in n n n(H), it follows that K is a 2- 
group. Since K # (l), it cannot also be a p-group for p # 2, hence 
x f7 n(H) = {2}. Let q be the smallest odd prime in n(H/K). So q is the 
smallest prime in 7~’ n x(H/K). If Q/K is a q-Sylow subgroup of H/K, and 
N = N,(Q), then %(QYG(Q) is c c ic Y 1 and of order dividing q - 1. Hence 
N,(Q)/C,(Q) is a nontrivial 2-group. Let T/K be a 2-Sylow subgroup of 
(N f7 H)/K, so T/K is cyclic. Let V = NN( 7’), then N = V. (N n N) by the 
Frattini argument. Since by assumption there exists a n/-element in G/H, 
V/VfJ H also contains a r/-element. Thus T/K admits an automorphism of 
prime order r, with r in II’. This cannot act fixed point freely as T/K is 
cyclic. This contradiction shows that 71’ n x(G/H) is empty, i.e., G/H is a n- 
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sup. Finally if Q is a q-Sylow subgroup of G, q i 
d if N= N&Q), N1Nf-I 
lit and C,(Q) c H. Thus N/N 
of of Lemma 3. 
The proofs of Theorems 1 and 3 rest on the way in which the co 
the simple groups of Lie type arise. The m , number 5, shows 
at the components essentially arise from the iding the orders of 
special maximal abelian subgroups. This lemma and its co 
Lemma 6, are independent of the characteristic of of Theorem 1 then 
depends on a case-by-case analysis of th al maximai abehan 
subgroups using known results of Carter [4], 
21, together with some number theoretic lemmas proved in Section 3. 
and its corresponding theorem, is a compila on of known results 
conjugacy classes of the sporadic groups9 cf. t 
h3dMA 4. Let H denote a finite group, L a s~~grQ~~ of 
the centre of hi, Z(H) and L= L/Z(H). Assume~~rt~er that / 
coprime, then C,(x) = Cd.?) f or any elemelmt x in the ~~mp~eme~t of 
) in e. 
PVOOj: Clearly C,(x) is contained in s(x). So let 7 
CR(X), pick y an element of El, so that [y, x] = 1. Thus 
z. Then yxy- ’ =xz and lyxy-“j=lxj=l 
t x is in the complement of Z(H) in L, SQ j 
ence jz/ = 1 and z = 1, i.e., [ y9 x] = I, Thus y is an element of 
Notation j12] 
be a semisimple connected linear algebraic group over an 
lly closed field of characteristic p. Let er be a suitable 
morphism of 6 as an algebraic group, denote by 6, t e gr0q-l of dixed 
pG-lt5. 
LEMMA 5. Let T be a maximal torus in G, Tu = G, f? T and let ‘p;, be 
the image of To in G, = G,/Z(G,). Suppose further that / jp,i is o 
/ p’;,i and jZ(G,)/ are coprime. Then the~~l~~wi~g are eq~~~a~e~t~ 
arms a complete ciosed prime ‘graph ~orn~~~e~~ cf odd primi;: 74 c-l> f 
(b) T, is a CC subgroup of CO, i.e., tyf E ?$; then 
(c) r, is a CCT subgroup of CO, i.e., TO is a C ami 
~o~~~=(l) or TO* 
) 1 F, 1 is coprime to / CGu(i)l for every i~v#~~t~~~ i i 
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Prooj Consider the implication (b) => (c). Suppose x is an element of 
En, so that T, n c is nontrivial. Let y be any nontrivial element of 
T, n c. Then, since y E TV, C,(v) c T,, but since T,, and hence c, is 
abelian and y E PO is contained in C,(y). Thus PO c ?;, and TO is a CCT 
subgroup. 
Now consider the implication (c) + (a). Let 7t = n((T,)). Since TO is 
abelian TL is contained in a component. Suppose there is a primep not in rc so 
that for some prime q in rr, GO has an element x of order pq. Thus x* has 
order q, x9 has order p, and [x*, x”] = 1. Since T,, is a CCT subgroup of G,, 
TV is a Hall-n-subgroup. Hence some conjugate (x*)~, of x*, lies in TO. Thus 
(x”)” lies in C,((x*)“) which is contained in FU. Therefore ] x4 ] 1 1 TO 1, i.e., p is 
in rc. This contradiction shows that TL is a complete component. 
Now assume that T, satisfies property (a). Let ? be the set of primes 
dividing the order of the centralizers of involutions. Then R is contained in 
the component containing 2, i.e., i2 s 7t,. Since rc, n rc f 0, property (d) is 
satisfied. 
It remains to show that (d) implies (b). Suppose-F0 is not a CC subgroup, 
then TV contains a nontrivial element X, so that T, does not contain all of 
C,(f). Since T, and Z(G,) have coprime order, T, splits over Z(G,) and 
CGO(x) is the inverse image of C,(3), for a suitable x mapping to 1 Thus 
CGy(x) is not contained in T,. If C,(x) is contained in T, then C,-(x) is 
contained in T,. Hence C,(x) !$ T. The group C,(x) is generated by T, U, 
and q,,, for all a in .X1, and w in W, (cf. Theorem 4.1 in [ 121). By the 
general assumptions, IZ, is an element of G, outside Z(G,) and nk = 1. If W, 
is nonempty, then n, is an element of C,(x) n G, = CGO(x) and ?i, # 1 in 
C,(X), i.e., there is an element in Tn C,(fi,), which contradicts the 
coprime assumption. If X1 is nonempty, then there is an associated Weyl 
group W, and for any w in W, there is an n, in the group generated by {U,, 
a in JY,} so that ni= 1, n, &Z(G) and II, in G,. This again leads to a 
contradiction. Thus it follows that both z1 and W, are empty and that 
C,(x) = T. This contradiction yields that TO is a CC subgroup. 
LEMMA 6. If H is a simple group of Lie type, alternating type or 
sporadic type then the prime graph components consist of the following 
possibilities: {primes connected to the prime 2) { p, a single prime) and a 
collection of sets of the form {primes dividing some torus satisfying 
Lemma 5 ). 
Remarks. 1. For groups of Lie type only the characteristic may form a 
single prime component not of the type dividing some torus. 
2. For an alternating group only the first two types appear. 
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is a simple group of Lie type, then PI is isomorphic to GO for so 
ed linear algebraic group over an algebraically closed field of char 
teristic pa The group H then contains a number of maximal 
arising from maximal torii in G. Clearly the orders of these su 
ni-numbers. If Fg has even order, then n(T,) is contained in 
pose xi is a component not containing 2 and q an element of q, 
r q = p or q divides the order of some torus Fg (any element of 
order q # p would be semisimple). If T, and Z(G,) are conrime with q not a 
divisor of Z(G,), then xi = ~(7,) by Lemma 5. It remains to show that if q 
er of Z(G,), then q is con 
, G,, D,, G,, F,, E,, E,, 
of the ~bevell~~ group has order 1, 2 or 4. ‘io 
(3, pn - I), while the simple quoti 
contains a section isomorphic to ~~~~(~~)~ whi
(3, p” - I). For type A,, 2Al, 1 > 4, the simple sootiest has a 
a section isomorphic to PSL,(p”). The centres of A,, ‘Ar are of order 
I f I, p” - I), gcd(Z + 1, p” + l), respectively, and the odd primes in 
these numbers divide the order of PSL,(p”). In the case of A I, 
centre again has order 1, 2 or 4. The remaining cases 2A,Y igz. wit 
order 1 and 3 again have involutions whose centralizers contain 
is simple of alternating type Alt(n). 
element of Ah(n) for all odd ~~~~~~s m < R - 3, it is dear 
primes <n - 3 are connected to 3. If n > 7, then (12) (34) 
(567) is also an element of Alt(n). Thus 3 is ~~~ue~t~~ to 2. If none of n, 
n - 1, n - 2 are primes then there is one component. If one of m, n - 1, rz - T 
is a prime, then this rime forms a component of its own, while if n an 
yt - 2 are both primes they form separate ~~rn~o~e~ts~ The only rem 
cases are Ah(e), Alt(5) which have ~orn~~~~~~s {2), (3), {5 1~ If 
oradie, investigation of Table II indicates only the first two ty 
components occur. 
emarks. 1. Fsr G of Lie type the characteristic p in most cases is in x1. 
2. If (p} is an odd component, then S, the 
CCT subgroup (cf. [ 151). 
First consider the case of a sim group 6. e 
component of G not co~tai~~~g prime 2, 4’ 
Lemma 6 zi is either {p} or {primes dividing ome tom3 
1. In either ease, there exists a nilpotent $ and 
re the centralizers of q-elements are ce by 
~5ro~lar~ 2 of Tlleorem 2.11 in [ 15 ], T is a CCT s 
Next consider the case when 6 contains normal subgroups N, L so that 
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L/N is simple and G/L and N are Z, groups. Either G/L or N may be trivial. 
By the first .case above L/N contains a nilpotent Hall ni-subgroup T of L/N. 
Let T= T/N, then since T and N have coprime orders, T splits over N and G 
contains a nilpotent Hall q-subgroup P. As in the first case T* is a CCT 
subgroup. 
The completion of the proof of this theorem rests on the following 
proposition. 
PROPOSITION 1. Suppose G is a finite group with a normal subgroup L 
which is simple of Lie type, Alternating or sporadic (1979). Assume further 
that G has more than one component, hen G/L is a x1-group. 
ProojY Assume ] G : L ( involves 7~; and let M be a subgroup of G 
containing L so that M/L is a 7~; number. Clearly it may be assumed that M 
is contained in the Automorphism group of L. If L is an alternating roup of 
degree 25, sporadic or *1F4(2)’ then 1 Aut(L) : L ] = 1, 2, or 4, this contradicts 
the choice of M. Hence it may be assumed that L is simple of Lie type and 
not *Fd(2)‘. Thus, the automorphism group A of L has the structure L < L^ < 
a <A, where A/A is a group of graph automorphisms, A/L^ is a group of 
field automorphisms and L^/L is a group of diagonal automorphisms [ 131. 
(a) Claim IM :MnAJ = 1. 
For suppose not, then M/Nf7 A is isomorphic to a subgroup of A/AI, and 
is a n;-group. However, IA/A I - is 1 or 2 for all groups of Lie type except D,. 
While in D, , ] A/a ) = 6 and D, contains a section of the form A, X A 1. Since 
A, is divisible by both 2 and 3, it is clear that {2,3 } c ?r, not rc; . 
(b) Claim jLfTM:L(= 1. 
Suppose i n M/L is nontrivial. For B,, C,, D,, E,, E,, r;,, G2, ‘4, ‘Do 
‘Ax, A,, ‘BI, ‘F4 and ‘G2, IL^/LI = 1, 2 or 4. For E, and 2Es, IL/L1 divides 
q2 - 1 and q2 - 1 divides the order of a centralizer of an involution in E, or 
‘Es. Hence L must be of type A,, I> 2, ‘AI, I > 4 or ‘AZ. Let 8 be a 
diagonal automorphism in M, thus (L, 0)/L is a n’, group. Let the order of 
the coset BL be m. For the A,, l> 3, m divides q - 1 and A, contains a 
section PSL,(q) X PSL,(q) and therefore the primes dividing m are 
connected to 2. For A,, m is either 1 or 3. If pn 8 1 (mod 3), the m = 1. 
Hence p” = 1 (mod 3). It may be assumed that 6’ is in PGL(3, p”) and that 
a 0 0 
e= t 0 i 0 0 0, i1 
ere a is an element of IF,, with a3 = 1. Clearly B c~rnrn~te~ 
hence 3 is connected to 2 in (L, 0). 
For ‘A [, I > 4, m divides p” + 1. When I is even the injectiQ~ 
0 
of Q-z into 2Ar shows that the involution 
1 0 
-I 
0 -1 
centralizes a copy of 2Al_2. When 1 is odd the injection 
of 2&, into 2A, shows that the involution 
1 
-1 0 
I 
0 -1 
I 
ccntra~i~es a copy of 2A1_4. In both cases up” -k 1 divides t 
tber~fore q + 1 is connected to 2. For the last case *AZ, m is again 1 or 3 
ay be assumed that p* = -1 (mod 3). Co~$~der the field of (p”)” 
This field contains an element a of order 3 and the matrix 
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lies in PGL(3, (p”)‘) an normalizes PSU(3, p”) imbedded in the natural d 
way. It may be assumed that 
which centralizes the involution 
-1 0 0 
i i 
0 1 0 
0 o-1 
of PSU(3, p”). Hence m - 2 in (L, 6). This proves claim (b), i.e., 
LrIM=L. 
Therefore, M/L is a subgroup of the group of all field automorphisms of 
L. Again let 8 be an element of M not in L then (L, x)/L is a $-group. 
First suppose L is of normal type, then X,( 1)’ = X,( 1) for all roots of the 
root system of L. Hence n,( 1)’ = X,( l)“X-,(-l)BX,.( 1)” = n,( 1). But n,( 1) 
has order 2 or 4 and therefore 16’ - 2 in (L, 19). 
Finally suppose L is of twisted type. For 2A2k- 1, 2D,, 2E,, and 3D4, L 
contains X,.(l), X-,(l) and n,.(l) so 1191~ 2. In the case of 2A2k and 2F4, L 
contains X,( 1) X41), where {r, ?} forms an equivalence class under the 
action of the twisting automorphism. This element has order p, and in 2A2k 
and *F4, the prime p - 2. Of the remaining two cases, 2B,(2”) contains 
X,(0)X,(0)X,+,(1)X2,+,(1), where {a, b} generate a root system of type 
B,. This element has order 2. In this last case, 2G,(3”) contains the element 
-K(O) &(O) X+dl) X2a+b(l) x3,+&) X3,+&) X3a+bU) of order 3, where 
{a, b} is a root system of type G,. In 2G2, 3 is connected to 2. 
3. NUMBER THEORETIC LEMMAS 
LEMMA 7. Suppose q is a power of an odd prime p, then the number 
(q’ + 1)/2 is coprime to the set of numbers {q’ - 1, qi + 1, 1 < i < 1, q’ - 1 } if 
and only if 1 is a power of 2. 
ProoJ: Suppose I is not a power of 2, then I = 2”m, with m # 1. Then 
(ql + 1)/2 = (q2n + 1) * t/2, with 1 < 2” < 1, i.e., (q’ + 1)/2 is not coprime to 
a given set of numbers. 
Suppose 1 is a power of 2, i.e., I= 2”, n > 1. First assume that 
gcd((q’+1)/2, q’-l)#l. The gcd(q’+l, q’-1)=2, hence ql+l=O, 
mod 4, but q1 = (qg2)’ =X2 = 0 or 1, mod 4. This contradiction yields the 
first case. Finally assume that (q’+ 1)/2 is not coprime to some qi - 1, 
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q” + 1. Then gcd((q’ + 1)/2, q*‘- 1) f 1. In particular gcd(q’l- I, 
qzi - 1) f 1. But gcd(q*’ - 1, q*’ - 1) = qd - 1, where d = gcd(2E, 2i). 
gcd((q~ + 1)/2, qd- 1) # 1, where d= 2” for m since qd - 1 = 
l)(qW2 + I) and gcd(q’ + 1, qd/* C I) = 2, an Br ent similar to case 
. Ids gcd((q’ + 1)/2, qu* - 1) # 1. 
epeated use of the above argument proves that gcd((q’ + 1)/Z 
q - 1) # 1. But gcd(q’ + 1, q - 1) = 2 and case I then yields the final con- 
tradiction. 
b3lNlA 8. Suppose q is a power of an odd prime p5 t 
-l)/(q-l)gcd(m,q-l),wherem>3,isc 
- 1, 1 <i < rnj ifand or@ ifm is an oddp 
Proof. Suppose m is even, then qm - l/(q - l)gcd(m, q - 1) = 
(qm12 - l)/(q - 1) gcd(m/2, (q - 1)/2) x (qW2 + I)/2 The first factor is not 
coprime to the given set provided it is nontrivial. Since ?n > 3, 
(p/-l + qm/2-* 
2 + q + 1 > gcd(m/2, (q - 1)/2). 
Next suppose m is odd and not prime, then m = , r and s both nsntrivial. 
l)/gcd(m, q - l)(q - I) is divisible y (qS - l)/gcd(s, q - I) 
h is nontrivial since s > 2. 
is an odd prime, then gcd(qm - 1, qi - I) = q - I 
not divide q - 1 then (qm - l)/(q - 1) is coprime to q - 1. 
hand if m does divide q - 1 then (qm - 1 )/m(q - I) is copri 
Note (qm - I>/@ - 1) is congruent to m mod m2 when q - 1 = 
LEMMA 9. Suppose q is a power of an 8 prime, then the %~rn~er 
(P + 1 )/(q + 1) gcd(m, q + I), with m odd, is coprime ko the set of nzt 
{(qi +- (-I)‘-“), 1 < i < m) if and only ifm is a prime. 
Prooj Hf lp2 is not prime, then m = rs, neither p 
less then m. 
Clearly W+ 1)/h+ l)gW>q+ 1) divides 
gcd(m, q + 1). This contradicts the as tions unless qr + X = 
(q + 1) gcd(v, q + 1). Since r > 3, the pre equality implies that 
(q+ l)‘>qr+ 1 >q3 + 1. This is only possible for -1 < 
supposed to be a power of an odd prime. 
On the other hand if (qm + I )/(q + 1) gcd(m, q + I > is raot eoprime to th 
given set, then gcd(qm + I, qi + (-I>“-‘) # q f E for some t < m. If i is 0d 
then gcd(q” + 1, qi + 1) = qd + 1, where d = gcd(m, i> (note, d, m and i are 
all odd integers). By the first observation d # I, i.e., g~d(rn~ i) f 1 or ms SO :m 
is not prime. IIf i is even, then consider gcd(qzm - 1, qi - 1). This is rnol just 
ut is also of the form qd - 1 wit d = gcd(2m, i)* Since m is odd an 
d > 2, gcd(m, i) # 1 and again m is not 
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LEMMA 10. Suppose q is a power of an odd prime, then the number 
CC+ l)/(q+ l)gcd(m,q+ 1) with m odd is coprime to the set {qi f 1, 
1 < i < m 1 if and only if m is prime. 
ProoJ By Lemma 9, if (qm + l)/(q + 1) gcd(m, q + 1) is coprime to the 
given set then m is prime. 
Assume m is prime but that (qm + l)/(q + 1) gcd(m, q + 1) is not coprime 
to qi f 1. As in Lemma 9, if i is odd and the factor is qi + 1 or if i is even 
and the factor is qi - 1, then a contradiction occurs. Also a similar situation 
arises when i is odd and the factor is qi - 1. The only remaining case is 
when i is even and the factor involved is qi + 1. Suppose p divides both 
(qm + l)/(q + I) gcd(m, q + 1) and q’ + 1, then both qm + 1 and qi + 1 are 
congruent o 0 modulo p. Hence qd = f 1 mod(p), where d = gcd(m, i). Since 
m is prime, d is 1. Therefore q = + 1 mod(p). Since p also divides qi + 1, i 
even, p divides (k l)i + 1 = 2, i.e., p = 2. But (qM + l)/(q + 1) gcd(m, q + 1) 
is coprime to 2. 
4. CASE BY CASE ANALYSIS IN ODD CHARACTERISTIC 
First some general comments. The orders of the centralizers of the 
involutions, up to certain factors h, k in the groups of normal Lie type and 
h’, k’ in the twisted case, are obtained from Burgoyne and Williamson [l, 21. 
The factor h divides (q - l)“, k divides 2m(q - l)“, while the factors h’ and 
k’ divide (q* - 1)” and 2,(q* -Y l)“, respectively. These factors will be 
omitted and the notation 1 C] z Z, will be used. In all but one case, namely, 
A,(q), the extra factor invoves only primes already contained in the order of 
the centralizer and are thus immaterial. In addition to the centralizers of 
involutions the group G contains abelian subgroups Ti, which will be called 
G-Torii, which arise as intersections of G with the conjugates of maximal 
Torii in the group G* over the algebraically closed field. The notation used 
to distinguish these abelian subgroups is that given by Carter [4]. In general 
the proof is to determine those abelian subgroups Ti which are disjoint from 
the centralizers of the involutions or to determine that no such subgroup 
exists. 
The terminology m is connected to n, will mean that for any prime, p, 
dividing m and prime, q, dividing n, then p N q in the sense of section 1, i.e., 
z(m) and x(n) are in the same equivalence class. In the following cases, this 
will mainly arise by m and n dividing the order of centralizers of involutions. 
Notation 
(a) Centralizer will mean centralizer of an involution; 
(b) ] C] z I will mean that ] C ] = E x factor, where the factor is h, h’, k 
or k’. 
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(c) G-torii is the intersection of a maximal torus in G* with the groq 
of Lie type G modulo the centre of G, i.e., pass to t e simple finite grou 
TYP A, 
Case I. The rank I is even 
There are centralizers of type A, x A,, Y’ + s = I - H. A91 the factors 
ding these centralizers are contained in the centralizer of type A, x A I- 1 I
order of this centralizer ICI1 z f(q2 - l)(q3 - I) ... (q’- I), where IV’= 
1(1- 1)/2. The only remaining factor of the simple group of type A, is 
9 It ’ - I. There is a G-torus of order (l/d)(ql’ ’ - I)/(q - I) of type r(A1>5 
where d = gcd(2 + 1, q - 1). By Lemma 8, / T@,)i is coprime to / 6, / if and 
only if I + B is prime. 
Case 2. The rank 1 is odd. 
If I = 1, then the group A I is isomorphic to PSI,@, 4). If q = 1 (mod 4), 
then there is one class of involutions and C(i) is cyclic of order (q - I)/2 If 
q E 3 (mod 4), then again there is one class with C(i) cyclic order 
In the first case {q + I}/& {q) f orm distinct odd c~rn~~~e~ts~ w 
second {q - 1 j/2? {q} f orm the distinct odd components. 
If E > 3 and q F 1 (mod 2t), where t = j I t 1 j2 (i.e., the 2 power of / 1$ 1 I), 
then there are centralizers of type A, X A,, r + s = E- 4 and the situation is 
similar to Case (I), except that here 1+ I is never pri 
Finally, if k > 3 and q = 1 (mod 2t), then there a e~tral~~ers of type 
x A,) I t s = I - 1, r odd and under certain conditions centralizers of type 
r = (E - 1)/2. All the factors dividing these centralizers are contained 
centraiizer of type A I X A,-, with 1 CI j E :fl;“(q” - l)‘(q” - 1) = .” 
(ql-l- I), where N = ((I - 2)(1- 1)/2) + 1. he only ~~rn~i~i~g factors in 
the simple group of type A, are q’ - 1 and q1 - I. There is a G-torus 7+Ii) 
of order (lp)(q’+ l - 1)/q- 1, where d=gcd(q - I: E+ 1). Since I is odd, 
1)/a divides the order of this torus, where a: = gcd(E + 1, 
h is less than q + 1. But (q + l)/ a is connected to q + 1 w 
connected to the prime 2. There is also a G-torus, QI, 
(ql- l)/(q- 1). (q- 1)/d. If q- l/df I, then 
Cs-Id/d h h w ic is connected to 2. On the other 
es I + B, then the G-torus has order (ql - 1 
to /C, j if and only if I is prime (cf. Lemma 8). ote gc$(Z, q - B) = 1 when 
q - 1 divides Z-5 1. 
2>3, q odd. 
case 4. Suppose q E 1 (mod 4). There are c~~tra~~zers of type [..I7 
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B,XD,, r + s = 1. All the factors involved are contained in the two 
centralizers B,-, , and B, x D,, with 
1 C, ( M $qN(q2 - l)(q4 - 1) ..a (q2(1-1) - l), where N= (1- l)‘, 
( C, 1 =: $f(q2 - l)(q4 - 1) ..a (q2”-” - l)(q’ - l), where N = 1(Z - 1). 
The only remaining factor is q’ + 1. There is a G-torus T(B,) of order 
(ql + 1)/2 and th’ is is coprime to 1 C, 1, IC, 1 if and only if I = 2” for some m. 
Case 2. Suppose q E -1 (mod 4). There are centralizers of type BI-, , 
B, x D,, with s even, and B, X 2DS, with s odd. All the factors of the 
centralizers except B, x *D[, I odd, are involved in just the centralizer B[-r, 
with IC,I=~qN(q2-l)(q4-1)..+(q2(1-‘)-1), whereN=(Z-l)2. When I 
is even, the situation is the same as in Case 1. When 1 is odd, the centralizer 
of type B, x ‘DI has order I C, I z $“(q’ - l)(q4 - 1) . . . (q2”-” - l)(q’ + 1). 
The only remaining factor is q’- 1. There is a G-torus, T(A,-,), of order 
(ql - l)/(q - 1) . (q - 1)/2. If q - 1 # 2, then (q - 1)/2 is connected to 2 
and hence (q’- l)/(q - 1) is connected to 2. If q = 3, then the G-torus has 
order (3!- 1)/2 and is coprime to 1 C, 1, I C, I if and only if 1 is a prime. 
Type C, 
12 2 q odd. 
Case 1. Suppose q = 1 (mod 4). There are centralizers of type AI-, , 
C, X C,, r + s = 1, with all factors involved in just AI-, , C, x Cl-, , with 
I C, I z (l/d) qN(q2 - 1) ... (q’ - l), d = gcd(Z, 2) and N = Z(Z - 1)/2. I C, I z 
jqJyq* - l)yq4 - 1) . . . (q2([-1) - l), where M= (E- 1)2+ 1. The only 
remaining factor is q1 + 1. There is a G-torus, T(C,), of order (q’+ 1)/2 
which is coprime to I C, 1, I C, I if and only if 1= 2” for some m. 
Case 2. Suppose q = -1 (mod 4). There are centralizers of type 2Ar-l, 
C, X C,, r + s = 1. All the factors divide the order of the centralizers of type 
*A I-,, and C, x Cl-i, with IC,I z (l/d)qN(q2 - l)(q3 + 1) +.e (q’+ (-l)‘-I), 
d = gcd(2, 2) and N = Z(Z + 1)/2, I C, I z 4qm(q2 - 1)’ . . . (q*(‘- ‘) - l), with 
m = (I - 1)2 + 1. If I is even, then q’- 1 divides I C, I and the situation 
reduces to Case 1. If 1 is odd, then q’ + 1 divides I C, I, the remaining factor is 
q’- 1, and the situation is similar to that in type B, Case (2), when I is odd. 
Type D, 
I> 4, q odd. 
Case 1. 1 odd, 125. 
First suppose q = 1 (mod 8). There are centralizers of type AI_, , D[-, and 
D, X D,, where r + s = I, r > 2 and s > 2. All the factors qf the orders of 
these centralizers are involved in the order of just those of type AleI, D[-, , 
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(q2- l)(q3- I) **- (ql- l), w 
- 1) - “. (q2(l-2’ - l)(q[-” - a>, w 
only remaining factor is q”-” + 1, and G co 
(p + l)(q $ 1)/4. S’ mce (4 + I)/2 # 1, 
(qf 1)/2 and h ence to 2. Therefore there 
ponent. 
ose q = 5 (mod 8). In this case t are ce~trali2er§ of ty 
XD,, r+s=l, r>2 arids> D,- I centralizer inclu 
e factors, with /C, / z +q”‘(q* - l)(q4 - 1) . D e (q*““-*’ - 1 
= (I - I)@- 2). The only remaining factors are q’-’ + 1 
As in the q = 1 (mod 8) situation the factor (q”- 1 j i)/2 is cork 
e is a G-torus Y&4_,) of order (q’ - - 1)/4. Efq- 1 f4, 
k1 - lYG2 - 1) is connected to 2. i.e., q = 5, then the 
of the G-torus is (5’ - I)/4 and is i / if and ordy if I is 
= --I (mod 4). There are ~c~t~~l~~~rs of types D,- j Y 
x *IIs, r + s = 1, Y >, 2, s > 2, all of whose factors 
are cQ~ta~~ed in the factors for type 
/c$z~qyg’- 1) *‘- (q2(‘-2) - 1)(q[-’ - 
(4 - I)(&” + l), where in = (I - 1) 
is q1 - 1. There is a G-torus, a(A I- J, o (q*- 1 )/(q - l)(q - 1 >/a 
[note, the centre of the group of Lie type 
(q- 1)/2# 1, tll en there is one component. 
coprime to / C, I9 / G, I if and only if I is prime. 
First suppose q = I (mod 4). The centra~~~e~s are of type A /- !, II- I n 
T + s = E, r > 3, s > 2, This situation is the same as t 
~~~~gra~~ of Case 1. There is only one corn~o~~~t, 
ose q = - 1 (mod 4). The centralizers are of tgrpe 2A1- I7 2 l-19 
r x 2DsT r odd, r + s = I, r > 2, s > 2. The ~~~tra~~~~~s of 
interest are those of type ‘&l, ‘0 i--I Ol ^  order je,i x 
(a/d)(INiq2-1)(q3+1).~. (ql-‘+l)(q’A), d=+ged(l, 41-l)- /C,/= 
gyq* - 1) . . ~ . (q2(1--2) - l)(ql-l -I- l),N= IQ--- I)/2 and m =(I- E)(l- 2), 
The only remaining factor is q’-l - 1. There is a G-torus T(AEm2) of order 
(q”- ’ - l)/(q - 1) a (q - 1)2/4. If (q - 1)’ f 4, then there is one co~~~~e~~~ 
white if q = 3, then (3’-’ - I)/2 is coprime to /Cl 1) / *I if and only Xl-i 
is prime >5. 
case 3. 1=4* 
Suppose q E 1 (mod 4). There are centralizers of type 
I c, / = +f(q2 - l)(q’ - I)(q” - 1) 
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and 
I GI = w? - w4 
The only remaining factor is q3 + 1. There is a G-torus T(D.,), of order 
k3 + 1PlG7+ 1). s ince q + 1 # 2, q3 + 1 is connected to 2, and there is 
one component. 
Finally, suppose q = -1 (mod 4). The centralizers are of type *A3, 
D, X D, and are of order 
I Cl I= 44w - lk3 + uq4 - 1) 
and 
I c, I = &?(4* - 1))“. 
The remaining factor, q3 - 1, is involved in the G-torus, T(A2), of order 
(q3 - l)(q - l)*/(q - 1)4. If (q - 1)’ # 4, there is one component. If q = 3, 
then the G-torus has order 13 and both C, , C, are coprime to 13. 
q odd. There are two classes of involutions whose centralizers have 
orders / C, I E q*‘(q* - l)(q4 - l)(q6 - l)(q* - l)(q’ - 1) and I C,I z 
(l/d) q16(q2 - 1)’ (q3 - l)(q4 - l)(q’ - l)(q6 - l), where d = gcd(6, q - 1). 
There are 25 classes of G-torii, 21 of which have even orders and three more 
of which have orders divisible by (q* + q + l)/gcd(3, q - 1). This number is 
connected to 2 in both C, and C,. The only remaining possibility is the G- 
torus T(E,(a,)) of order (q6 + q3 + l)/gcd(3, q - 1). If q 2 1 (mod 3), then 
gcd(3, q - 1) = 1, gcd((q6 + q3 + l), q3 - 1) = 1 and since the gcd(q’- 1, 
qi - 1) divides q3 - 1 for 1 < i < 9 and further q9 - 1 = (q3 - l)(q6 + q3 + l), 
it is easy to see that q6 + q3 + 1 is coprime to /C, I and I C,I. If q F 1 
(mod 3), then 3 divides q6 + q3 + 1 but 9 does not. 
Thus (q6 + q3 + 1)/3 is coprime to 3 and q3 - 1 and then similar 
computations yield that (q6 + q3 + 1)/3 is coprime to I C, 1, I C,I. Hence in 
both cases there are two prime components. 
Type E, 
q odd. 
Case 1. Suppose q # 3. There are 60 classes of G-torii, 59 of which have 
even order. The last G-torus is odd provided q s 1 (mod 4) and has or&r 
f(q6 - l)(q3 - 1)/b? - l)(q - 1) an d is of type T(A 5 + A *). However, there is 
a G-torus, T&4*), of order (q* + q + l)(q - 1)‘/2 which is clearly of even 
order and connects q* + q + 1 = (q3 - l)/(q - 1) to the prime 2. Thus there 
is only one component. 
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Case 2. Suppose q = 3. There are again 6 
which are always even. There is a G-torus, T(A 
e G-torii which are not even are divis 
two cases, T(A,), of order (3’ - I)/4 
36 + 33 + 1 = 757. For q = 3, there are classes of ~~vo~~tio~s with 
centralizers of orders; 
I Cl / z +q3yq2 - Q2(q4 - l)(q6 - 1j2(q8 - I)(qq”Q - S) 
I c, / = q3Q2 - 1 )(q5 + l)(q6 - l)(q8 - I )(q9 + 1) 
and 
IC,i 25 $428(42 - l)(q3 + l)(q4 - 1)(q5 + 1)(q6 - 1)(q’ + r)(q” - I)* 
irect computations yield that 757 and 1093 are co rime to /@,I, jC,j and 
j C, j, and so there are three prime graph components. 
There are two classes of involutions whose centralizers have orders 
/Cl1 E fqS6(q2 - l)(q4 - l)(q6 - l)(q8 - 1)2(q’O - l)(q?2 - l)(q14 - 1) 
/c, / 25 +qyq2 - 1)2(q6 - l)(q8 - 1 )(q’O - l)(q’2 - l)(q’” - I)(q”S - 1). 
There are 112 classes of G-torii, 98 of which are even 
which involve factors dividing I Cl 1 or I C2/. Three 
namely, T(E,) of order (ql’ - q5 + l)/(q2 - q + 
(q12 + l)/(q4 + 1) and T(E,(a,)) of order (ql’ + q5 + l)/(q’ + q -I- 
shown to have orders coprime to / C, / and / C2 1. The last rerna~~i~g G-torus 
T(E8(a2>> of order (ql’ + l)/(q’ + 1) is coprime to I C, j and j C, / if and only 
if q f 2 or 3 (mod 5). When q = 2 or 3 (mod 5) there is a common factor of 
5. 
There are two classes of involutions whose centralizers have orders 
I ei I = q*w - l)(q4 - l)(q6 - 1)(q8 - a> 
and 
/c,j=+qyq2- 1)2(q”- l)(q6- 1) 
There are 25 conjugacy classes of G-torii, 22 of whit have even order, 
and a furmer two have factors dividing q6 - 1. The only rerna~~~~g case is 
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T(F4) of order q4 - q* + 1. Elementary computations yield that q4 - q* + 1 
is coprime to 1 C, 1 and 1 C, I. Hence there are two prime graph components. 
Type G2 
q odd 
There is one class of involutions with 1 C, / = $q*(q* - l)*. There are four 
conjugacy classes of G-torii, two of which have even order. The remaining 
two are of type T(A,) of order q* + q + 1 and T(G,) of order q2 - q + 1. 
If q = 1 (mod 3), then q* + q + 1 is divisible by 3, while q* -q + 1 is 
coprime to 1 C, 1, and there are two components. 
If q = -1 (mod 3), then q* - q + 1 is divisible by 3, while q* + q + 1 is 
coprime to I C, 1, and there are two components. 
If q = 3”, then there are three components. 
Type *A A*) 
122, q odd 
Case 1. E even. The 2part of I+ 1 is trivial and so there are centralizers 
of type *4(q*) x *4q*), w ere h r+s=l-1, O<r<1/2. All the factors 
divide the centralizer of type *A,(q*) X *Al-,(q2), with order I C,I z 
where N= Z(Z - 1)/2. The only remaining 
and there is a G-torus, *T(A,), of order 
+ 1). The order of this G-torus is coprime to 
I C, I if and only if I+ 1 is prime. 
Case 2. 2 odd. Let t = I 1 + 1 I2 and suppose q = - 1 (mod 2t). There are 
centralizers of type *A,(q*) x *A,(q*), 0 < r < (I - 1)/2, r + s = 1- 1. This 
case is similar to Case 1, except that the G-torus has order 
(4 ‘+’ - l)/(q + 1) gcd(E + 1, q + 1). This has a factor (q - 1)/2, which is 
nontrivial, unless q = 3 in which t = 2 and I + 1 = 2m for some m. The G- 
torus has order (32m - 1)/8 = (3” + 1)(3” - 1)/8, which is not coprime to 
3” + 1, unless 3” + 1 = 4, i.e., m = 1 and I= 1. This contradicts the 
conditions on 1. Thus there is only one component in this case. 
Now suppose q = 1 (mod 2t). There are centralizers 6f type 2A,(q2) x 
2A,(q2), r odd, 0 < r < (1- 1)/2 and r + s = I - 1, and of type A,(q*) with 
u = (I - 1)/2. Hence it is enough to consider the two centralizers *A r(q*) X 
2A,-2(q2) of order IC,I z $f(q* - 1)*(q3 + 1) ..a (q’-l- 1) and A,(q*) of 
order ~C2~~(l,d)qm(q4-l)(q6-l)~~~(q~+1-l), where N= 
(I - l)(l - 2)/2, m = (l+ 1)(1- 1)/2 and d = gcd(q + 1, (I + 1)/2). The only 
remaining factor is q’+ 1. There is a G-torus, ‘T(Arpl), of order 
(ql + l)/(q + 1) . (q + 1)/f, withf = gcd(E + 1, q + 1). If (q + l)/f# 1, then 
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q’41iscsnneetedto2.Ifq+I=gcd(i+H,q+1),i.e.,q+1 
’ + l)/(q $ I > is coprime to / C, j and / C, / if only if I is prime. 
q odd 
se 1. I even, 2 >, 4. There are centralizers of ty 
,(q), r + s = & 2 < r < l/2. All the factors 
ce~tra~~ze~s of orders / C, / z {$‘(q* - I)($ - 1) . . . 2(1-2) - I)@- L + P), 
N=(:-1)(1-T?) and le,l--~qN(q2-l)(q4-Ij... 2(1-2’ - l)(q’-” - 4). 
The only retaining factor is q1 + 1. There is a 
(q’ + 1)/Z l-l’ h w IC is coprime to 1 C, / and j C2/ if 
Case 2. I? ok& I> 5. Suppose q E - 
ce~tra~~~crs of type D,-,(q), D,(q) x ’ 
) 2,<r<(l-- 1)/2 and uf s = I. It 
ce~tra~i~cr of We Dl-, , which has order given by 
gyq2 - ])(q4 - 1) . . s (qZ(I-2) - l)(&‘- I), N= (I- 1)(E- 2). the 
factors remaining are q’-’ + 1, and q’ + 1. There are G-torii of type \ l-I/ 
J of orders (4’ + I)/4 and (q’-’ + l>(q - 1)/4, res~ect~v~~~. The 
factor q” + I 2s divisible by q + 1. If (q -I- I$/4 
connected to 2, while if q + 1 = 4, i.e., q = 3, then 
only if 1 is prime. In the case of the fact 
if (q- 1)/2# 1, then [(qlel + 1)/4j(q- 1) 
q - B = 2, i.e., 4= 3 then (ql-l + I)/2 is co 
5 - 1 = 2”. ence, if q = 3 and E is prime not 
are two components. If = 3 and i = 2” + 1 not prime then there are two 
components. Finally if = 3, I = 2” + 1 and prime then there are rhree 
~orn~o~e~ts. In all other situations there is one c ~~~~e~t~ with the given 
ose q = -1 mod 4 and q s -1 mod 8. In ad ition to the centralizers 
in the first subcase of Case 2 
*Are 1(q”>9 whose order is divisible by q 
factor is q”-” + I, and the situation is as w 3&f-1 mod8 
is only one component. 
pose q= 1 mod 4. 
order /d, 1 z5 ifl(q2 - 1) . . . (q2”- 
/ c, / z5 #yq* - 1) * 1. (qZ(‘--2) - 1 
~ernai~~~~ factor is of order q’ 
I)/2 which has a factor (q + 1),/2 f 1, i.e., (q’ + I)//2 is connected to 
rime 2, aad there is only one component. 
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Tlw ‘D4(q3) 
q odd 
There is one type of centralizer, with 1 C, I= {q4(q2 - l)(q6 - I). There 
are G-torii of orders, h3+ lk+ 11, (q3- l)(q+ l), q4-q*+ 1, 
@I3 - l)k - 1); (q3 + l)(q - l), (q* + q + l)“, (q* -q + 1)‘. Only the G- 
torus, 3T(D4>, order q4 - q* + 1 is coprime to 1 C, I, and there are two com- 
ponents. 
The 2E6(q2) 
q odd 
There are two types of centralizers ‘D,(q*) and A,(q*) x *A,(q*) with 
1 Cr ( z q*‘(q* - l)(q4 - l)(q6 - l)(q’ - l)(q’ + 1) .and /C, 1 FZ (l/d)(q* - 1) 
(q3 + l)(q4 - l)*(q’ f l)(q6 - l), where d = gcd(6, q + 1). The only 
remaining factors are q6 - q3 + 1 and q4 - q* + 1. There are G-torii, *T(E,) 
and *T(E,(a,)), of orders (q4 - q* + l)(q* -q + 1)/d and (4’ - q3 + 1)/d, 
respectively, with d = gcd(3, q + 1). The factor (q* - q + 1)/d # 1, so 
q4 -q* + 1 is connected to 2. The other factor (q6 - q3 + 1)/d is always 
coprime to ) C, /, 1 C, /. 
There is one type of centralizer whose order is given by I C, 1 z $q2(q4 - 1). 
There are four classes of G-torii of orders (q* - l), (q* + l), (q* - &+ l), 
(q* +fi+ 1). Hence there are three prime graph components. 
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